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INTRODUCTION
Over the past few years a more complete understanding of the behavior of numerical algorithms for solving the time-dependent, compressible Navier-S tokes equations at low Mach numbers has evolved. Until this understanding developed, most algorithms designed for compressible flows were observed to become very inefficient, or inaccurate, or both at low Math numbers. This is unnecessary beezt_ it is well known that the physics itself is no more complex just because the Mach number is low. That is, for most flows, no important changes would be observed if the ..Machn.um.ber were reduced from, say, 0.2 to 0.01, if all other dimen_aomess parameters of the flow remained the same. The difficulty must be due to an inappropriate structure of the algorithm. This problem and proposed remedies _lha._e been addressed by several investigators including Turkel ._, Feng and Merrae, Peyret and Viviand 4, and Choi and Merkle. s Previous investigators have adopted different points of view but have generally agreed that the hyperbolic time-dependent Navier-Stokes system becomes "stiff" at low _ anmbers because of greatly different signal speeds (convective and acoustic) which result in large differences inthe magnitudes of the eigenvalues of the system. Explicit schemes _y arerestricted to using verysmalltimesteps as dictated by stability basedon acoustic speeds.Fluidparticles, on the other hand,may require several of these smalltimesteps to travea'se a computational ceil.As pointed outby Choi and Merld_ difficulties at low Maeh numbers with implicit factored schemes may be due in large part to factorization errors unless the time step is nmintaln_ quite small The alte.ra..tions made to the numerical formulation to overcome me suxmess problems of the hyperbolic syste._, has .
.l_com.e .known as "preconditioning which will be _ m pn.ys.scalterms in a section to follow. Despite this name which may t_ adequately descriptive from some points of vicw,_the pr_onditioned system is merely one with a "modified" time term. This can be made to appearin the equations as a new matrix multiplying the time term in the vector form of the system of equations. To solve steady problems, the preconditioning can be accomplished by altering the time deri. "v_.'ve.te_. in the equations. To solve unsteaay problems, me pn.ys_cm tame term can be left intact and an additional "pseudo-time term of a particular form added to the equations. These altered or added time t_us change the nature of the hyperbolic problem which is being advanced in a"new" or "pseudo" time variable. Because all the altered time terms vanish at convergence (to steady state or at each physical time step)., no _atq_ro,.n_o.n is being injected into the govC_g eqU_._._ .Ons.. n_ll_Y_hl_ the low Mach numberlimit, the preconainonmg enao es numerical model to smoothly bridge the gap _ a fully compressible formulation and one'that c_nt, for lsothem_ flows, be viewed as a pseudo.compressible formulation 6 of the incompressible equations.
Low speed flows can, of course, be computed by using a completely incompressible formulation. One of the objectives compressible formulation can oe appliea to flows mat. a • been traditionally considered incomprc_., ible .with esse_ ntially nopenalty inaccuracy _.compute, o_n,_'_l eflicaency " .It woula seem thatthe computational barrier _.t_y__ me two now regimes has been broken. The corn_t_m'b.le n.oy.mrmman.on may be advantageous for low speed flows m wmcn properues, including density, may vary significantly such as would occur in flows with heat transfer or chemical reactions.
A second objective of the present paper is to examine the Time-accurate preconditioning has been inVroducedrelatively recently and the properties of such schemes for the Navier-Stokesequations have notbeen studied extensively overa rangeof flowconfigurations and Mach numbers. Whereas the merits of time-accurate formulations of Ivlach number preconditioned systems my have been demonstrated for the very low speed limit _, their accuracy and convergence have not been demonstrated over a very wide range of problems and Mach numbers. An additional minor goal of this paper is to supplement the discussions on preconditioning available in the literature with some physically based arguments and observations. In this study, the coupled strongly implicit procedure for solving the Navier-S tokes equations in primitive variables described in Ref. [8] was used as a starting point. In the sections to follow, the modifications required to achieve convergence properties thai are independent of Mach number at low speeds am first discussed in a one-dimensional context, then their implementation into the full two-dimensional Navi_r-Stokes equations is presented. Steady and unsteady resuRs with and without preconditioning wili be presented for the driven car-iVyproblem. Results for the startup of pipe flow under a fixed total pressure will also be presented. The transient pipe flow problem was selected because it is one of the few physically attainable transient flows for which results are available for comparison.
ANALYSIS Low Mach Number Limit
It is well established that the incompressible form (including variable property versions) of the Navier-Stokes eqtmtions can be solvednumerically in a straightforward manner. To reveal the source of the numerical difficulty that arises in solving the compressible form of the Navier-Stokes equations at low Mach numbers, we first examine the compressible Navier-Stokes equations in a form that should reduce to the incompressible but variable property form of the Navier-Stokes equations as the Mach number approaches zero. The density and other fluid properties may vary with temperature, but we anticipate that the density will become independent of pressureas the Mach number approaches zero.
The key issues can be outlined sufficiently by usin.g the one-dimensional Navier-Stokes equations. Nondimenstonm variables are defined as
C_,-(u_,l/T,,l) --(7-1)M2
where the variables with the tilde am the dimensional variables, and the Mach number, M, is based on reference quantities and the gas constant, M = u,.c! / (7/_'T,+! ) l/2. In order to recover the incompressible form of the equations in the most direct manner, primitive variables of u, p, and T will be used in the one-dimensional compressible formulation. There are no known disadvantages to the use of the primitive variables, particularly if the conservation law form of the equations is maintained. Substituting for density by using the ideal gns equation of state and utili_ng primitive variables, p, u, and T, the conservation equations for w.a_, momentum and energy can be written
The Reynolds and Prandtl numbers are defined as Re = _,,Ja-,IL-,J/_,,J, Pr = 6,_/+. The Prandtl numberof the fluid is assumed to be constant. Now the consequences of the reference Mach number appmacking zero will be considered. Note flint p/RT = 1_//_.,! and R = I/(q,M_).We observe that [hecombination p/RTapproaches a perfectly acceptable finite limit as M goes to _cro. Note that E and E, will reduce to the traditional form of the incompressible Navier-Stokes equations as the Mach number approaches zero. The numerical solution will require linearization which can be accomplished by introducing Jacobian matrices which can be updaled iteratively al each time step. This linearization is equivalent to solving o_ a¢ oE,
where theJacobian malrices forthemass and momentum fluxes aregiven by o tad= + , ,
and [A.] =
The linearizafion details for the viscous terms are being omitted since these terms do not influence the low Mach number issues under consideration here. In the above, R has been replaced by 1/(o'M 2) in those terms that will vanish as M goes to zero. Notice that the variable property form of the equations usually applied for low speed flow of an ideal gas are recovered as M goes to zero. The mathematical nature of the time marching problem can be established by writing the system as
and considering theeigenvalues of [At]-l[A@ The problem can be solved by a marching method iftheeigenvaluesare real. As M becomes small, [At]becomes ill-conditioned.
That is, thedeterminant of [A,]becomes small(infact, in the limit the first column and third row of [At] vanish) and errors are expected to arise in computing its inverse. In the limit as M goes to 0, the inverse of [At] does not exist and the system is singular.
It is well-known that the eigenvalues of the matrix product tat] "l [Aft] also provide an indication of the properties of the system. As the Mach number is decreased in the subsonic regime, the eigenvalues of the matrix product [At]-I[A=] begin to differ more and more in magnitude (see for example, Turkell).
As pointed out by previous investigators 2'3 the condition and degree of "stiffness"
can be related to the relative magnitudes of the eigenvalues.
When the eigenvalues differ greatly in magnitude, convergence to a steady state solution is usually slow, or for time-dependent solutions, the allowable time step becomes very small. This occurs because greatly varying signal speeds appear in the equations and the traditional solution schemes attempt to honor all of them, creating a "stiff" system. Since the Mach number has almost no influence on the physical characteristics of the flow at very low values of M (it effectively "cancels out" of the physics), it must be possible to devise a solution scheme in which the Mach number also "cancels out" over the range in which it is an unimportant physical parameter.
It can be observed from [At] that as the Mach number approaches zero, the pressure is eliminated as an unknown in the time derivative.
This indicates that the solution to the incompressible equations carry no direct pressure history. Although the pressure field may not change much during a time step, in principle, the new pressure should depend solely on the new velocity field. Because the acoustic speed is effectively infinite in the incompressible limit, the pressure at a point may be influenced by the velocity field throughout the solution domain. A time-accurate compressible flow solution scheme must then provide a mechanism to permit the pressure field to be influenced in an elliptic fashion at each time step.
Overcoming the Problem at Low Mach Numbers
To overcome the awkward (singular) mathematical situation that arises at low Mach numbers with the unsteady form of the coupled compressible equations and obtain a well-conditioned system, an appropriately formulated pseudo-time term can be added to the equations which vanishes at convergence at each physical time. Although the pseudo-time term can take many different forms and still be effective, simply adding a term of the same form as for the physical time term but with the Mach number removed from the terms causing the fatal illconditioning (the first column of the [At] matrix) is sufficient. The equations then become
where _-is a pseudo-time and the conditioning matrix, but that is consistent with the observation that for a completely incompressible flow, the pressure field must be established at each physical time step with no direct dependence on a previous pressure field as was mentioned above. The hyperbolic system being solved is in r and x. It is similar to marching in pseudotime to a "steady" solution at each physical time step. The addition of the pseudo-time term changes the eigenvalues of the hyperbolic system so that they are clustered closer together in magnitude, effectively at speeds closer to the convective speed.
Eigenvalues for this system have been studied by Jorgenson 9 and found to be similar to those reported by Withington et al. m As the Mach number goes to zero, the ratio of the largest to smallest eigenvalues approaches 2.27 for air with 3,=1.4.
The second and minor source of difficulty with the coupled compressible formulation at low Mach numbers is related to the differences in the relative magnitudes of the nondimensional dependent variables.
The magnitudes of the velocity and temperature remain of order one but the nondimensional pressure tends to increase without limit as the Mach number decreases. This permits round-offerrors to become significant in the pressure gradient terms. Again, this is not a problem of physical origin. The present study indicated that no difficulties will usually be observed until the Mach number decreases to about 10 -5 or 10 -6 if double precision arithmetic is used.
To completely eliminate the problem, a "gauge" or relative pressure 3 can be introduced so that differences in pressure (originating from pressure derivatives) become differences in the gauge pressure which can then be smaller in magnitude.
Preconditioned
Form for the Two-Dimensional
Navier-Stokes Equations
After replacing the density by pressure and temperature using the equation of state (p = p/RT), the nondimensional form of the unsteady Navier-Stokes equations can be written in generalized nonorthogonal coordinates in a form applicable to both two-dimensional and axisymmetric flow as
where
•',ry_ ___z+_..m_r+_, , 
In the above, ( and )/ are the spatial coordinates in the generalized system, and J is the transformation Jacobian. The parameter 6 is an index indicating the type of flow, two dimensional (6 = 0) or axisymmetrie (6 = 1). The parameter r is the nondimensional distance from the axis of symmetry in the axisymmetric eases. The nondimensional variables are defined as in the one-dimensional case with the addition of = 91/:.. s and ,,= _In..s The Navier-Stokesequationsgiven above can also be written as 
In particular, the Jacobian matrix [At] is given by
To enable efficient numerical solution of the system at low 
Note that the choice of dependent variables does nothing to alter the conservation law form of the equations. The equations were discretized and solved numerically using the coupled strongly implicit procedure described by Chen and Pletcher. s The scheme utilized central differences, generally (some with deferred correctionsS), and was first order in time. The equations were linearized by evaluating the Jacobian matrices at the previous pseudo-time step. Thne accuracy was maintained by converging the system at each pseudo-time step, at which condition the pseudo-time team vanished.
Thus, the converged equations at each physical time step satisfied the discretized Navier-Stokes equations. No smoothing was used for the eases shown here.
For the driven cavity case, no slip boundary conditions were imposed on all boundaries.
For the pipe flow eases, no slip conditions were used at the pipe wall. Symmetry conditions were imposed at the centerline.
At outflow, the static pressure was specified and all other dependent variables extrapolated from the interior.
In this study it was desired to simulate the startup of pipe flow as realistically as possible.
In a typical application, a fixed total pressure is established and maintained at the entrance to the pipe and a valve at the discharge plane is opened. As the flow accelerates from rest, the static pressure of the moving fluid drops. The static pressure and velocities at the pipe inlet and throughout the length of the pipe vary with time until a steady flow is ultimately established. The value of the flow rate finally established will depend upon the difference between the total pressure fixed at the inlet and the fixed discharge pressure and the characteristics of the pipe.
In the numerical simulations, the static pressure at the inlet was extrapolated from the interior and the velocities determined in order to maintain a constant total pressure. In addition, a constant total temperature was specified and the streamwise derivative of the normal component of velocity was taken as zero. That is, the conditions specified at the inlet are Inlet:
where Pm, TT, are specified and pi,_ is extrapolated from the interior. The boundary conditions were implemented in an implicit fashion. The steady flow profile observed at the 
RESULTS

Impulsively
Started Driven Cavity
Steady State Solution
Prior to undertaking detailed time dependent calculations, the behavior of the preconditioned system was evaluated and compared with unconditioned results over a range of Mach numbers.
The computational effort in terms of iterations to achieve steady state is indicated for the preconditioned scheme in Table 1 . Notice that the effort is essentially independent of Mach number and that the same pseudo-time step can be used over the entire range of Mach numbers considered.
Many of these calculations were repeated on a finer 39x39 grid for Mach numbers of 0.4 and lower and the same trend was observed, namely, that the total number of iterations needed to achieve steady state was constant. For the finer grid, 100 iterations were required.
The steady state solution was identical for Mach numbers of 0.1 or less.
The computational effort required to obtain the steady flow solution without preconditioning is shown in Table 2 . In these calculations it was not possible to use the same time step over a wide range of Mach numbers.
Some experimentation was employed with the time step, but it was not easy to predict the optimum time step for a given Mach number. Note that the number of iterations was not reduced to the level achieved with the preconditioning until the Mach number reached 0.8. Convergence was determined for these steady calculations when the residual based on the norm of all variables _°reached 10 -s.
The steady flow solution details were virtually independent of Mach number for M less than about 0.1 The grid stretching was the same for all of the steady cases.
Unsteady Solution
For the unsteady driven cavity cases, the fluid was initially at rest and the pressure field was uniform.
The unsteady motion started as the cavity lid was impulsively brought to a constant velocity. The computational effort for the unsteady cases were generally independent of Mach number at the low end of the range considered when conditioning was employed. Table 3 indicates the total number of iterations for cases computed on the coarsest grid. The total iterations includes the subiterations required to achieve convergence to 10 -5 at each time step. The average number of subiterations needed to achieve convergence at each pseudo-time step is also indicated in the table.
On the coarsest grid, 19 x 19, the total number of iterations for the unsteady cases is seen to reach nearly a constant value of 652 as the Mach number decreases below 0.1. On the 39x39 grid, more variation was observed in the total number of iterations as the Mach number was decreased while all other parameters remained fixed, although the variation was less than 10%. A possible explanation for this is as follows. The steady flow cases were computed using a very large physical time step. The result was that the physical time derivative term had no influence on the solution.
Only the pseudotime term influenced the numerics and the preconditioning effectively suppressed the influence of Mach number from that term. Thus, it is not surprising that the solutions become virtually independent of Mach number at the low end, i.e., as the Mach number approaches zero. For true transient calculations, however, the physical time term remains, and the time step needs to be sufficiently small to achieve time accuracy. The physical time term behaves like a source term during the pseudo-time iterations, and the size of the source term varies with Mach number. Thus, there may be no reason to expect the total iteration count to be rigidly independent of Mach number for time accurate calculations. This aspect of time-accurate preconditioned methods has not received much attention until now. Only a few unsteady cavity cases were computed without preconditioning.
The computational effort required for the unconditioned scheme is summarized in Table 5 .
Note that the number of iterations increases significantly as the Mach number decreases below 0.2. Note also that subiterations were required at each time step even without the use of pseudo-time.
The iterations were required to remove the linearization errors and converge the pressure field. The number of subiterations can be seen to decrease as the Math number increases. At Math numbers of 0.01 and below, the transient results were in good agreement with those obtained by others _z using purely incompressible formulations. Figure 1 compares the variation of the drag coefficient with time obtained with the present preconditioned compressible scheme with the computational results obtained by Soh and Goodrich./2
The nondimensional time, t, in the figures for the cavity flow calculations is defined as Many aspects of steady driven cavity flow have been reported in the literature, particularly velocity profiles. Some aspects of unsteady incompressible driven cavity flow particularly the time history of the flow patterns have been reported by Soh and Goodrich 12. These will not be repeated here.
The time history of the computed u component of velocity at the center of the cavity is given in Fig. 2 for M=0 .001, 0.01 and 0.1. The computations were carded outon a 39x39 grid. No conditioning was used for the results reported for M=0.01. At first glance it is easy to conclude that the time history is essentially the same for these three Mach numbers. Closer inspection reveals a slight wiggle in the velocity for M=0.1 at small nondimensional times. This was easy to ignore at first in this study, but it is now believed that this behavior is a real part of impulsively started compressible driven cavity flows. The oscillation in the velocity at the center becomes more pronounced as the Mach number increases, and as indicated in Fig. 3 , where results for M=0.2 and 0.4 are shown, it cannot be ignored or considered an aberration.
A very similar behavior can be observed in the solutions obtained without conditioning.
That is, the oscillatory behavior appears not to be a product of the preconditioned formulation. This is indicated in Fig. 4 where both preconditioned results and results obtained without conditioning are shown for R_100 on the 39x39 grid. The two results are nearly identical.
Also shown in Fig. 4 are preconditioned results obtained on a 79x79 grid. The oscillatory results are more sharply resolved on the finer grid, but the qualitative picture remains the same. The initial pressure has no influence on the solution. Acoustic signals arc transmitted instantaneously so any influence that the abrupt start has on the pressure field is mitigated by the rapid propagation of signals.
The magnitude of the reference Mach number in this problem is precisely the nondimensional time required for an acoustic wave to move the length of the cavity if propagating at the sonic speed corresponding to the reference temperature. For calculations at very low Mach numbers, an acoustic wave could make several traverses across the cavity during the first time step. This leads to the results seen in Fig. 2 which is exactly the behavior of solutions to the incompressible equations. At very low Mach numbers, the physical time term (source term for solution advancement in pseudo-time) is very small, and the effect of pressure history is correspondingly small. For the calculations at M--0.1, the time required for acoustic waves to traverse the cavity is about 0.1 nondimensional time units. This time interval is now larger than the computational time step required to maintain temporal accuracy and a slight oscillation can be observed in Fig. 2 . The oscillations can be seem more clearly in Fig. 3 . The period of the initial oscillations observed in Fig. 2 is approximately 0.4  for the M=0.2 results and 0.8 for the M=0.4 results. The periods are approximately the time required for acoustic waves to propagate across the cavity and back. The oscillations are seen to damp out as the solution tends toward steady state. The pressure at the center of the cavity is observed to possess a similar oscillatory pattern as can be seen in a smaller physical time step is employed as can be seen in Fig. 6 . This is reasonable since the phenomenon is believed to originate with the impulse associated with the start of the lid. The smallest time step that will permit the viscous region to reach the first grid point from the wall (for the 39 x 39 grid) in an analogy with the impulsively started flat plate is about 0.0125 corresponding to the solid line results in Fig. 6 . The trends observed for a Reynolds number of 400 are somewhat similar in that oscillatory behavior was observed for Math numbers of about 0.2 or larger. The flow at R_--400 is actually quite different and the time history is quite interesting 12. For example, the history of the velocity at the center is not monotonic and the nondimensional time required for the flow to reach a steady state is 2-3 times as long as for the flow at R_100. Figure 7 shows the history of the x-component velocity for calculations at Mach numbers of 0.001, 0.2, and 0.4. Oscillations are detectable in the M--0.2 and 0.4 results.
Again, the initial periods of the oscillations are about 0.4 and 0.8, respectively, although this is not evident from the plots.
Startup of Pipe Flow
A goal of the present study has been to evaluate the time acc_ of preconditioned schemes with a view toward determining the merits of using a single scheme for simulating both incompressible and compressible phenomena. The startup of flow in a pipe is a real transient phenomena that can be observed in the laboratory with greater ease than the impulsively started cavity considered above. Pipe flow is a pressure driven flow whereas the cavity is a shear driven flow and it was speculated that compressibilty effects might play a more dominant role in the physics of transient pressure driven flows. The full Navier-Stokes equations were used in the present study.
Incompressible
In the transient pipe flow problems considered here, the total pressure was considered to be fixed at the pipe inlet. The static pressure at the pipe discharge was also fixed and this pressure difference [I'I=P=ot,t (at inlet)-P,t,,=ic (at discharge)] became part of the problem specification.
The appropriate characteristic velocity for this transient flow is not obvious. with the flowrate that would be achieved for a fully developed incompressible laminar flow consuming the same pressure drop in the same tube, i.e., based on an average velocity of r_,,! defined above. The present results are seen to be in good agreement with the numerical results of Anderson and Kristoffersen 13, especially for E---0.108. Grid refinement for that case made little difference in the results as can be seen in Fig. 8 . The flow at E--0.108 reaches the fully developed state with the centerline velocity equal to twice the average velocity. For the E=0.5 case, the centerline velocity was 3% short of the fully developed value. Velocity profiles at inlet and at the discharge are shown in Figs. 9 and 10. It is of interest to note that the inlet velocity distribution is not uniform under the present method of fixing the total pressure at inlet.
The transient behavior of flow was strikingly different for the higher Mach number cases computed.
At early times, the fluid in the pipe "decompressed" allowing flow to discharge from the pipe while the inlet flow was zero.
This can be seen in Fig. 11 . At the earliest time shown, one third to one half of the fuid is at rest as fluid is forced out the discharge at flow rates sometimes higher than the steady state values.
The variation of the discharge rate with time for three cases, M=0.1386, M=0.2772 and M=0.3224 are shown in Fig. 12 . This is in contrast to the results of the lowest Mach number case (effectively incompressible) shown in Fig.  8 . Even though the steady flow behavior of all of these cases may be close to that attributed to incompressible flow, the transient behavior is greatly different.
A design based on incompressible results shown in Fig. 8 may not work for flows at speeds as low as approximately Mach 0.1.
The time history of the centerline pressure is shown in Fig. 13 for the two highest Mach number cases. The pressure remains at nearly the total pressure for the majority of the pipe for the earliest time shown. In contrast, for an incompressible case (not shown in Fig. 13) the earliest pressure would be more like the large time curves shown in Fig. 13 . For the pipe flow cases, the nondimensional time required for an acoustic wave, moving at the sonic speed corresponding to the inlet total temperature, to travel the length of the pipe is given by M/ (16E) .
The computing effort required for the pipe cases varied noticeably over the Math number range. This is in contrast to the driven cavity case where the physics did not change much as the Mach number varied. In the pipe flow case, the flow was driven by pressure differences.
At the lowest Mach number considered, essentially no motion could occur until the pressure field was established in line with the boundary conditions and flow occurred simultaneously throughout the entire computational domain. On the other hand, essentially no action occurred in a large portion of the pipe at early times for the higher Mach number cases. Constant time steps of t*=0.0133 were used for all results shown. Approximately 85 time steps were needed to achieve the steady state conditions. Most of the calculations were carried out on a 30 x 10 grid but two calculations were made on 50 x20 grids for evaluation of the effects of grid refinement. The convergence criteria for each time step was set at 10 -6 for the pipe flow cases. For steady pipe flow calculations, starting with the fluid at rest, 718 iterations were required for the M=0.001386 case and 933 for the M=0.2772 case both on a 50x20 grid. For the finest grid unsteady flow calculations, however, an average of 310 iterations was required for convergence at each time step for the M--0.001386 case whereas only an average of 61 iterations was required per time step for the M=0.2772 case. This difference was not anticipated in light of the experience reported for the driven cavity transient calculations.
Whether this is reasonable in light of the the complexity of the physics is presently under study.
CONCLUSION
Generally,
the coupled, preconditioned compressible formulation was observed to perform well over a range of Mach numbers for two transient test cases.
For the driven cavity flow, the computational effort was nearly independent of Mach number especially at low values although this was more precisely true for the steady cavity calculations than for the transient ones.
The impulsive start of the cavity lid was observed to promote an oscillatory behavior in the velocities and pressure that was not observed at the lowest Mach numbers.
The preconditioned results, including the oscillatory velocities, were in good agreement with results obtained without preconditioning.
The calculations of the startup of pipe flow obtained for a very small Mach number, M=0.001386, were in agreement with results obtained by Anderson and Kristoffersen ts who solved the incompressible equations.
For the higher Mach numbers considered, the transient behavior was entirely different in that the flow started by decompression while the inlet mass flow remained essentially zero. That this should be true can be reasoned taking into account the time required for acoustic waves to penetrate from the discharge plane to the inlet and the compressibility of the fluid. Conservation of mass can be maintained without inflow as the density changes with time. The computational effort required to solve the lowest Mach number ease for the pipe startup was substantially greater than that required for the higher Mach number cases. Such a dependency has not been observed for previous steady flow calculations.
This issue is presently under study.
